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.^fH ■ Abstract 

'■pi ■ In this paper we study the Gevrey smoothing effect of solutions to the non-cutoff spatially homogeneous 

and inhomogeneous Boltzmann equation for soft potential. We consider the mild singularity case s < 1/2 
as we did in the previous work for spatially homogeneous case (J. Diff. Equ. 253(4) (2012), 1172-1190. 
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QQ , and try to extend the range of 7. We derive a new coercivity estimate for collision operator, using which 
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\l ' Besides, we consider 7 and s separately instead of viewing 7 -f 2s as one untied quantity. 
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1 Introduction 

1.1. The Boltzmann equation 

In this paper we consider the Cauchy problem of the non-cutoff Boltzmann equation. First we introduce the 
Cauchy problem of the full (or, spatially inhomogeneous) Boltzmann equation without angular cutoff, with 
aT> 0, 

^, ftit,x,v) + v\/Jit,x,v)^QifJ){v), te{0,Tl xeT^, veR\ 
f{Q,x,v) = fo{x,v). 

Above, / = /(t, X, v) describes the density distribution function of particles located around position x E T^ 
with velocity v E R"^ at time t > 0. The right-hand side of the first equation is the so-called Boltzmann 
bilinear collision operator acting only on the velocity variable v. 



Q{gJ)= f f B{v-v,,a){g'J'-gJ}dadv,. 

JR3 JS2 



ys2 

Note that we use the well-known shorthand / = f{t,x,v), /* = f{t,x,v^,), /' = f{t,x,v'), Jl ~ f{t,x,v'^) 
throughout this paper. 



Gevrey regularity of the BE with soft potential 



Then, we consider the Cauehy problem of the Bohzmann equation in the spatiaUy homogeneous case, 
that is, for a T > 0, 

{ ft{t,v)^Q{fJ){v), ie(0,T], i>eM3, 

where "spatially homogeneous" means that / depends only on t and v. 

By using the cr-representation, we can describe the relations between the post- and prc-coUisional velocities 

as follows, for cr e S^, 

, w + w* |w — w, I , v + v^ \v-v^\ 

2 2*2 2 

We point out that the collision process satisfies the conservation of momentum and kinetic energy, i.e. 

The collision cross section B{z,a) is a given no n- negative function depending only on the interaction law 
between particles. From a mathematical viewpoint, that means B{z, a) depends only on the relative velocity 
l^l = |w — w*| and the deviation angle 9 through the scalar product cos6' — -^^ ■ a. 

The cross section B is assumed here to be of the type: 

i3(u - w,,cos6') = $(|u - w,|)6(cos0), cos0=- ^ • cr, < < -. 

\v — v^\ 2 

Above, $ stands for the kinetic factor which is of the form: 
and h denotes the angular part with singularity such that, 

for some positive constant K and < s < 1. 

We remark that if the inter-molecule potential satisfies the inverse-power law U{p) ~ p~^P~^' (where p > 
2), it holds 7 = 2^, s = —^. Generally, the cases 7 > 0, 7 = 0, and 7 < correspond to so-called hard, 
Maxwellian, and soft potential respectively. And the cases < s < 1/2, 1/2 < s < 1 correspond to so-called 
mild singularity and strong singularity respectively. 

As is discussed by Desvillettes in [6] (also, by Villani in his handbook [H]), the most interesting assumption 
for 7 is included in (—3, 1). Further, we announce that we will focus on the mild singularity case < s < 1/2 
for soft potential 7 G (—5/2, 0). 
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1.2. Review of related references 

Now we give a brief review about some related researches. Firstly we refer the reader to Villani's review book 
|14| for the physical background and the mathematical theories of the Boltzmann equation. And for more 
details about the non-cutoff theories, we refer to Alexandre's review paper [1]. 

Before continuing the statement, we introduce the definition of Gevrey spaces G*(51) where fi is an open 
subset of M? . (It could be found in many references, e.g. [T2j[T5].) 

Definition 1.1. For < s < +cx), we say that f e G'^iil), if f & C°°{il), and there exist C > 0, A'^o > 
such that 

Wd'-.fhHn) < Cl"l+H«!}^ Va e N^, |a| > A^o- 

// the boundary of Q is smooth, by using the Sobolev embedding theorem, we have the same type estimate 
with L^ norm replaced by any U' norm for 2 < p < +oo. 

When s — 1, it is usual analytic function. If s > \, it is Gevrey class function. And for < s < 1, it is 
called ultra- analytic function. 

In 1984 Ukai showed in |T3] that there exists a unique local solution to the Cauchy problem for the 
Boltzmann equation in Gevrey classes for both spatially homogeneous and inhomogcneous cases, under the 
assumption on the cross section: 

|B(|z|,cos6')| < A:(1 + \z\-'^' + |zp)6l""+l-2^ n is dimensionality, 
(0 < 7' < 77, < 7 < 2, < s < 1/2, 7 + 6s < 2). 



By introducing the norm of Gevrey space 



l|a 



Ukai proved that in the spatially homogeneous case, for instance, under some assumptions for v and the 
initial datum fo{v), the Cauchy problem ()1.2|) has a unique solution f{t,v) for t G (0,T]. 

In [8] Desvillettes studied firstly the C°° smoothing effect for solutions of Cauchy problem in spatially 
homogeneous non-cutoff case, and conjectured Gevrey smoothing effect. And he proved in [7] the propagation 
of Gevrey regularity for solutions without any assumptions on the decay at infinity in v variables. 

In 2009 Morimoto et al. considered in [11] the Gevrey regularity for the linearized Boltzmann equation 
around the absolute Maxwellian distribution, by virtue of the following mollifier: 



=,*{£>„) 



1/,. 



We remark that the same operator was used in many related researches and models such as the Kac's 
equation (a simplification of Boltzmann equation to one dimension case), the ultra-analytic smoothing effect 
for spatially homogeneous nonlinear Landau equation and the linear and non-linear Fokker-Planck equations. 
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In the mild singularity case < s < 1/2, Huo et al. proved in [5] that any weak solution /(i, v) to the 
Cauchy problem (|1.2[) satisfying the natural boundedness on mass, energy and entropy, namely, 



(1.3) / f{v)[l + \v\'+\og{l + f{v))]dv<+^, 
belongs to i/+°°(R") for any < i < T, and moreover, 

(1.4) /GL°°([io,r];iJ+°°(R")), 

for any T >0 and ^o e (0,T). 

In [3] the five authors considered a kind of solution having the Maxwellian decay, based on which we 
introduce the following definition: 

Definition 1.2. We say that f{t,v) is a smooth Maxwellian decay solution to the Cauchy problem lil.2\) if 

/>0, ^0, 

3 So>0 such that e-^o^")"/ e L°° {[0,T];H+°°{R^)) . 

(Note that the Theorem 1.2 of [3] shows the uniqueness of the smooth Maxwellian decay solution to the 
Cauchy problem (|1.2p .) 

The five authors also proved in [^ the smoothing effect on the solutions with weight. In detail, if the 
non- negative / belongs to ^^((^1,^2) x i7 x M^ j , solves the spatially inhomogeneous Boltzmann equation 
(|1.1[) in this domain in the classic sense, and satisfies the non- vacuum condition ||/(t,x, i')||ii(i{3) > 0, then 

feHr'[{ti,t2)xnxRiy 

hence it follows that, 

/eC°°((ti,<2)xf^;5(M^)). 

In 2010 Morimoto-Ukai considered in [TU] the Gevrey regularity of C°° solutions with the Maxwellian 
decay to the Cauchy problem of spatially homogeneous Boltzmann equation. Motivated by their idea, we 
considered the problem in |15j for a more general case. More precisely, we considered the general kinetic 
factor $(|i'|) = \v\'^ instead of the moderate form (v)'^ = (1 + ji'p)'''/^ in |T0], and a wider range of the 
parameter of 7 (s.t. 7 + 2s e ( — 1, 1)) so as to fit for both hard potential and soft potential. 

In the follow-up paper [TB] we studied still the general case $(|w|) = \v\'^ with 7 + 2s G (—1, 1) in the mild 
singularity case, but the spatially inhomogeneous case. We obtain a corresponding result about the Gevrey 
regularity. 

In the present paper, we resume to the study of spatially homogeneous case in the mild singularity s < 1/2, 
and try to extend the range of 7 for soft potential (in 7 > we make no change). We consider the case 
7 G (—5/2, 0) here to take place of the assumption 7 G (—1 — 2s, 0). (Recall that in our previous paper U5}j . 
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we assume that 7 + 2s G (—1, 1).) Note that the simple inequality —1 — 2s > —2 > —5/2 gives the extent of 
extending, and 7 and s are considered separately instead of viewing 7 + 2s as one united quantity. To achieve 
the goal, we need a new coercivity estimate for collision operator different from that the authors proved in 
[5] in the range of 7. 

1.3. Main results 

Now we give our main result of propagation of Gevrey regularity in spatially homogeneous case as follows: 

Theorem 1.3. Let v > l(which is independent of s) and assume that < s < 1/2, —5/2 < 7 < 0. Let 
f{t,v) be a smooth Maxwellian decay solution to the Cauchy problem lil.2\) . If there exist p' , S' such that 

(1.5) sup ^^^ < +00, 

then there exist p > and S, k > with 6 > kT such that 

(1.6) sup sup J— p. < +CXD. 

te(o,T] a {a!}" 

Remark 1.4. It should be noted that the above theorem is similar as Theorem 1.2 in JlOf and Theorem 1.3 
in \15}j . but we consider here $ ~ \v\'^ and 7 G (—5/2, 0). 

Arguing as Section 4 in [10] enables us to obtain the Gevrey smoothing effect of order l/(2s) as follows: 

Theorem 1.5. Assume that < s < 1/2, 7 G (—5/2,0). Let v ~ l/(2s) and let f{t,v) be a smooth 
Maxwellian decay solution to the Cauchy problem il.2\} . then for any to G (0,r), there exist p > and 
S, K > with S > kT such that 

,, _, pl"IHe(^-*)(-)^g,"/(t)|U. 

(1.7) sup sup T—rr- < +00. 

Corresponding to Theorems ll.3l and ll.51 we can obtain the following two results in spatially inhomogeneous 
case for soft potential. The first result is for propagation of Gevrey regularity: 

Theorem 1.6. Let vi > 1, V2 > \(which are independent of s) and assume that < s < 1/2, 7 G (—5/2,0). 
Let f{t,x,v) be a smooth Maxwellian decay solution to the Cauchy problem il.l]) . If there exist p' , 5' such 
that 

p'i«i+i/5|||e^'<'')^a,"a,^/(o)iu.^ 

(1.8) sup r-n — tttt; ^ < +00 , 

then there exist p > and S, k > with 5 > kT such that 

pH+W\\\e('-^tn.fd^dSfmL._ 

(1.9) sup sup ;— -; ^-—^ ^ < +00. 
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And the second describes the Gevrey smoothing effect of order l/(2s) in variable v and order 1 in variable 
x: 

Theorem 1.7. Assume that < s < 1/2, 7 e (-5/2,0). Let vi = 1, 1^2 = l/(2s) and let f{t,x,v) he a 
smooth Maxwellian decay solution to the Cauchy problem lll.l]) . then for any to G (0,T), there exist p > 
and S, K, > with S > nT such that 

(1.10) sup sup ^—r: ;r-— ^ < +00. 

teltoT]J {a!}-i{/3!}-2 

1.4-- The structure of the paper 

The remainder of the paper proceeds as follows. In the next section we give some preliminaries and a main 
lemma, by using which we can complete the proof of Theorem 11.31 immediately. In Section 3 we prove a 
coercivity estimate for collision operator which is different from what we used before. The proof of the main 
lemma will be given in Section 4. The last section is devoted to give a outline for proving the results in 
spatially inhomogeneous case. 

2 Preliminaries 

First of all, we introduce some basic definitions (see [10] for details). 
Let Z, r e Z+ which will be chosen later. For 5, p > we set: 

^ pl"l||(i;)'e*<")'9,"/|U. 



I S.l,p,a.r 



{{a-ry.}" 



where a — (ai, 02, . . . , a„) G Z" , and we denote 

(a - r)! = (ai - r)! • • • {a„ - r)!. 
Now we give the following definition: 

(2-1) \\f\\l,p,r,Nit) = sup \\f\\s-Kt,l,p,a,r, 

rn<\a\ <N 

with fixed 5, k > such that S > kT. Here A^ is a fixed large number satisfying rn < \a\ < N. Then for 
ft, > 1 we can obtain 

(2.2) ll./lkp(l+h)-^.,7vW < (^) Wfkp.oMt)- 

Now let p = p' in the above inequality and take a large enough h, then it follows from the initial assumption 
(jl.Sp that ||/||i,p'(i+/t)-'^,r,Ar(0) is as small as we want, where S can be chosen any positive less than (5' > in 
(fTSl). 
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Thus, to prove (|1.6p . it suffices to prove, under the assumption that |l/||;,p,r.A'(0) is sufficiently small, 

(2.3) sup \\f\\l,p,r,N{t) < OO. 

«G(0,T] 

Above, p ^ p' {1 + h)-" . 

We point out that wc will consider the Cauchy problem in M.^ in the paper. 

Lemma 2.1. // / > 4 and r > 1 + iy/{iy — 1) then for any a satisfying 3r < |a| < iV we have 

(2.4) ||/WllL«M.P,a,r + 2^/ \\fir)\\h.rMi.p.o.,rdr 

Jo 

Jo ^ / iU 3r<|a|<Af Jo 

where /3 = -7 • l^e[_i_o) + lT,e(_5/2 -1). 

Mimicking the scheme in Section 2 in [TU] (It is only a matter of using the Bernoulli equation in ODE 
theory with a different order), we can prove Theorem II. 31 bv virtue of this lemma. We omit the details. The 
proof of this lemma will be given in Section 4. 

3 Coercivity estimates 

Considering the coercivity estimate of collision operator —Q(g, f) for 7 G (—5/2, 0), the result in !5| for the 
case 7 + 2s > —1 is no longer applied to our meet. We reconsider in the framework of [5] the coercivity 
estimate, which is described as follows: 

Lemma 3.1. Let < s < 1 and assume that the nonnegative function g satisfies 

I|5|1l1(K3) + ll5llLlogL(R3) < OO- 

Then there exists a constant Cg > depending on B, ||5|Jl1(r3) and ||5|lLiogL(K3) such that in the case of 
7 G (0, 1), there holds 

(3.1) {-Q{9J)J)>cM\h-{MLi_+cM\h)\\f\\h. 

and in the case of j ^ (—3,0], there holds 

(3.2) (-g(5, ./),/) >C,||/||1,^ - (ll5llLf^^„ + llffLf^^J ll/lli| - (llffllLf^, + bLfJ ll./ll^, 
with — ^ — |<p<s. 

Proof. It is easy to check that 

(3.3) {Q{g, f)J) = [[[ Bg^fif - f)dvdv,da 

J J JK3xR3xS2 

= 1 III ^•9*(/" - f)dvdv,d<j - i /// Bg^f - ffdvdv^da 

^ J J Jr3 XR3 XS2 ^ J J JK3 xM3 xS2 

= liJl-J2)- 
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3.1. Upper hound for Ji 

By change of variables and the so-called cancellation lemma (see [2]), we can rewrite Ji as 

(3.4) Ji==|S^|/// sine \ —^B ( *^ ~^^,*! ,cose] - B(\v - v J, cose) } g^fdvdv^de 

JJJr^xr^x[o,^] (cos3f \cose/2 J J 

= |Si| /// sineb{co.se)\v -v,p \ (cos~'^^] - 1 \ g,fdvdv,de 



Noticing that 



wc have, for 6* e [0, |], 



Jy 



cos-^- - 1 = ^ „ / " cos''+^esinede 

- / 

<(7 + 3) / ' sm6id6i < (7 + 3) ( 1 - cos 



<2(7 + 3)sm2- < C6|2. 



Then we arrive at 



(3.5) Ji ^ // \v — Vt,pgt,f'^dvdv^,. 

J jR3xR3 

If 7 > 0, we have 

(3.6) Ji<\\9\\L^Jf\\h. 

2 

On the other aspect, if 7 < 0, noticing the fact 

( 7 *-T ] ^ 1\V-V,\>1 + \V - U*r ■ l\^-y,\<l, 

\{v-v^)J ' '- ' '- 

and 

{v-v*r<{v*)-^{v)\ 

we can split J7i as 

(3.7) ^1^// g*{v,)-''f{vydvdv,+ ff \v~v,pg,{v,)-''f{v)''dvdv, 

JJ\v-v,\>l JJ\v-v,\<l 

=J\\ + .7l2. 

Firstly we have 

Jii<ll.9LfJI/lli|. 
Furthermore, concerning with the estimate on jTii, we cite the following result (see Lemma 2.6 in [3]) 
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Lemma 3.2. If X < 3/2 then 



(3.8) // \M-^^dvdv^ < \\fh49\\h- 
// 3/2 < A < 3 then 

(3.9) // \MTZ^^dvdv^<\\fh49' 



From the above lemma it follows that, if 7 > —3/2, 



A3. 



Jl2<\\9\\LlJ\f\\h, 



7l " "-^1 



and if -3 < 7 < -3/2, 

:^12<ll.9llLf, 11/11?,.,, 
2 

with P > — ^ — |. Note that the case 7 = —3/2 can be treated as 7 — e for any small e > 0. 
Thus we have, if -3/2 < 7 < 0, 

(3.10) Ji<(\\g\\L^+\\9\\L^)\\f\\h, 

\ \t\ 111/ X 

and if -3 < 7 < -3/2, 

(3.11) Ji<(ll,9llLf,, + ll.9llL^Jll/ll^, 
hence, together with the above two inequalities, we get for 7 < 0, 

(3.12) :^i<(lI,9llLf,, + ll.9llL^,,)ll/fffp, 
where p take the same value mentioned before. 

3.2. Lower hound for J2 
Setting T ^ f{v)^, we have 

(3.13) J2 - /// \v - v^pb{cose)g4f' - ffdvdv^da 



■ III |w-w*r&(cos%* {{v')-iF' - {v)-iF)^ dvdv^da. 



We shall give a different control for J2 with respect to 7. 
• In the case of 7 < 0: 

Owing to {A - BY > 4" ~ ^^' "^^ obtain 

.2 1 



({vT^F' {v)-iF) > ^{v')-''{^' ^r ^' (("')-' - (t')-*)" 



10 
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SO we can write that 
(3.14) 



^ J J Jr^xR'^ 






\v-v.^.pb{cos0)g^J'^({v') 2 - (w) 3j dvdv^ 



da 



Observing that |w — w*! ~ |w' — w*| and (w' — w*) '^ < (v') '''(«*) ''', we have 



if-«*r(«')-^(f*)-^> 



1^^ - •i^*i ^ ^ 

{v' - w*) 



> 1, 



then we get 



(3.15) 



A> 



b{cos0) (g*(w»)''') (-^' — -7^) dvdv^,da. 



Due to the weh-known entropy dissipation inequahty, we obtain 



(3.16) 



Ci>C,\\T\\l., 



where Cg depends only on \\g{v)''\\i^i, \\g{v)'^\\LiogL, and b. 

As for the estimate of £2, we use the Taylor expansion at order 1 to get: 



{v')~i - {v)-i ^ I {v - w)V ((«)"*) {Vr)dT, 



with T G [0, 1] and v-r ~ v + t{v' — v). 
Since 



iv' - V) (V((z;)-i)) iVr)\ < \v' - v\{Vr)-i-' < e\v - v4{Vr)-i-\ 



then we have 



(3.17) 



/:2< 



< 



\v - v4^+%{cos9)e^g,J'^{vry~^'^^dvdv,da 

■xR^xS^ 

It; - v,\-'+^g,T^{v,)-^''+^Uvdv,. 



Similar as we discussed before, if 7 + 2 > 0, we get 



|w-f,r+2^w.)-(^+2)(z;,)-(T+2) < 1, 



which yields 
(3.18) 



CoS^ 



g.T'{v^y+'dvdv.<\\gh. m\ 



2 

L2- 
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On the other hand, if 7 + 2 < 0, rccahing the assumption 7 G (—3, 0) immediately yields 7 + 2 G (—1, 0], 
then 

Noticing the fact 
then we obtain 

JJ\v-v,\>l JJ\v-v,\<l 

=£21 + -^22- 

Obviously we have 

C2i<\\g\\Lijmh- 
Using Lemma [321 with 7 + 2 > —1 > —3/2, we get 

(3.19) C22<\\9hf\\nh, 

SO we arrive at the estimate 



(3.20) /:2<(||5Lf^^,, + ll.9L^^,,)ll-^lli.. 

Thus wc have for 7 < 0, 

(3.21) J2 - A - /:2 > c,\\T\\l. - (lIsLf^^,, + llsLf^^,, ) Wnh, 

where Cg is defined before. 
• In the case of 7 > 0: 
We first mention that 



{v) ~ |z;| + l|„|<i. 



so 



b{cos9)g^{f — /) dvdv^da. 

R3xR3xS2 



(3.22) J2> [ff {v-v,yb{cose)g,{f' -f^dvdiuda- 

The fact {v — v^,)'' > {v^,)~'' (v)'' implies 



12 
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from which we get 



J2>\ III b{cos9) {g*{v,y^) [F' - Tfdvdv^da 



'2 



hicosO) (g^v,)-^') f Uv')i - (w)*) dvdv^da 



'xR3xS2 

l|i)-i>.|<i^(cos0).g*(/' — f)^dvdVfda 

=£3 — £4 — £5. 

Similar as £1, we obtain 

(3.23) C3>C,\\T\\l., 

with Cg depends on ||.9(u)"''|1l;, \\g{v)~^\\LiogL, and b. 

To bound £4 we use the Taylor expansion for {v')^ — (w)^ , and get 

(3.24) Ci< [ff b{cose)g^f\v - v'\^{vry-^{v^y"'dvdv^da, 

where r G [0,1] and Vr is defined as before. 
Thus we obtain 

(3.25) ^■i^lll b{cos0)e^\v-v^\^gJ^{vrr^^{v^y'dvdv^da 

J J JR3xR3xS2 



< 



B.3 V / 

(5*(«*)l^"'l) (/'(w)^) \v ~ v^l^v - w,)-^+^-2dz;du,da 

<ll5i|M Jl-^lli- 

where we have used the following facts 
and 

|w* — Vr\ ~ |u — W*|. 

For the estimate of £5 , we write it as 
(3.26) ^5^ Iff l\,-^,\<ib{cos0)g,if - ffdvdv.da 

J J JR^XR^XS^ 

= -2 fff l\v-v,\<ib{cos9)gJ{f - f)dvdv.,da 

J J jR3xR3xS2 

l|-o-u.|<i^(cos6')5*(/'^ - f^)dvdv^da 

ixR3xS2 

13 
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When bounding the term £g we refer to Proposition 2.1 and Remark 2.2 in ^, then we have 

(3.27) |4'^I<II.9||l.||/II1.= - 

Under a similar argument as we did for Ji we get 

(3.28) 4'^<ll.9llL^II/lli., 
so we have the following estimate 

(3.29) A <||.9lU.(||/|li. + 11/111,0 

<ll.9lU.(ll/lli. + 11/111,.). 

Therefore we obtain for 7 > 0, 

(3.30) J2 >C3 -Ci-C5 

>c,m\h-\\9\\Li_j\nh-\\9\\L4f\\%- 

Following along the same lines as in [S], we finally arrive at 

(3.31) J2 > C,\\T\\l. - (||.9||l^^_^, + CM\h) m\h- 
Now we conclude that p.6p and (|3.3ip imply that for 7 e (0, 1), 

(3.32) {~Qi9J)J)>cM\l-^-(MLi_+cM\h)\\f\\l^,, 

where we have used I7 — 2| = 2 — 7 > 7. 

On the other hand, (|3A2|) and ([3?2T|) imply that for 7 < 0, 

(3.33) {-QigJ)J) >CM\h ~ (H^H^^+.i + 11-911^^+ J WfWh {Ml^^, + hh^ 



\hp ' 



with -^ - I < p < s. 

This leads us to the conclusion. D 



4 Proof of the main lemma 

4.I. Rewrite the equation 

Let fj, = fJ-s,K{t) ~ e^'*^"*)^"^ with 5 > kT. According to the translation invariancc of the collision operator 
with respect to the variable v (see [8lll3j). we have, for the translation operator Th in v by h, 

ThQ{f,g) = Q{Thf,Thg). 
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Thus wc have 



a— a'+Q 



Then we could obtain from Ea. p.2p that 

dt{du) = g(/,/("') + E ^?^Q(/*"^/*""^ 



Muhiplying both sides by /i~^, we obtain 



(4.1) (a* + .c(«)2)(^-ia„"/) = ^-iQ(/, /(")) + E __^-iQ(/(-')j(0). 



Set F ~ II ^f and denote F*^"^ = /i iy(") for a <E l?^. Noticing that [ni^ = p! [)!^. we get the following 
formula 



Then it follows from (|4T|) that 

a! 
a'!a" 



^ — ' a !a ! 



a' 
a'!a' . „ „ 

a— a'+Q'' 

Hereafter we denote Wi = (w)'. Multiplying by Wj'^F^") both sides and integrating over w, we have 

(4.2) l|||H^,J.(")||2 + ^||P^^^^^(a)||2 






a'la" ^ ^ ^ 

a—a'+a" 

=*^^w + E^*l"'"''w+ E ^*^"'"''w 

=*l°'"^(t) + J(t) + /C(t). 

2|a| 

Then multiplying by the weight f(J^_r)\y2v both sides, and integrating from to i G (0,T], we obtain 

(4.3) \\fmh.tJ,p,a,r + '2^ f \\fir)\\h.r.l + l,p,c,rdr 

Jo 

<ll/(0)|||.p,„,,. + 2^* ^^-^^^(*(°'"'(r) + Jir) + K{T))dT. 

We will estimate the above terms one by one. Firstly we consider the estimate on the "remainder term" 
^2 '" (Oi which will be given in the next subsection. 
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4-2. The estimate on the remainder term 

We split the remainder term ^2 '" ' (t) as follows: 



*("'^""'(i) 



+ I [[ B{^i,- ^i',){F'^'''^y,{Wi-W!){F'^''"^yWiF^''^dvdv,da 



=*(";-""'(t)+*g^"")(t). 



Step I: The estimate for ^2 2 " (^)- 



We can rewrite \I'2 2" ^^ 



(4.4) ^^iy^'Ht) =111 Bfi,.{F^''\{Wi - Wl){F^''"'^yWiF'-"Uvdv,da 

BiJ.'^{F^°'"^y^{Wi - Wl){F^°'"'^yWiF''°'Uvdv^da 
=1+ - I^ 



The Taylor expansion gives that 



Wi ~w; = [ {v~ v') ■ {\7,Wl){Vr)dT 
Jo 



with T G [0, 1] and Vr = v' + t{v — v'). 
Furthermore, we have 

\iv - V') ■ {V,Wl){Vr)\ <|« - v'\{Vrf-^ < \v - v' \ (K " V^Y'^ + {v^)'-^) 

<e\v - v^ {{v'y-^ + (t;,)'-i) < e\v - v,\{v'Y-^v,Y-\ 

(or <e\v - t;,| {{v'Y-^ + «)'-i) < e\v - v,\{v'Y-^{v'J-\) 

where we have used the fact \v' — ii*] ~ |u — w, | and |u»|^ < |wp + |w, |^ = |w'p + \v'^\'^ . 
Since |/i,W^i_i,,|, \ijl'^W{_^^^\ < 1, we get 

(4.5) |/+| < /// \v - v,\^+'b{cose)0\fi,Wi-,,^\\ (f^^'A' II (Wi-iF^""A'\\ (WiF^^'A \dvdv^d<j 

./././b3 vB3 vS2 \ /* \ / \ / 

\v ~ v,p+'^b{cos9)e\ (f^°''A' II (Wi-iF^°'"A' W (WiF^^A \dvdv,da 
\v - w.p+i6(cos6l)6'| (i^("')) II (M^,_ii^(""') II (WiF^°''>y \dvdv,da 



< 



< 



'xR3xS2 



'xR3xS2 



^/, 
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'xR3xS2 



A 



and similarly 

(4.6) |/_| < /// \v - v,['+^b{cos^)e\^i',WU ,\\ fF'"'))' II (Wi^iF^''"A' W (WiF'^'^A \dvdv,da 

\v ^ v^y+^h{cose)e\ (f'^^'A' \\ {Wi^iF^''"A' \\ {WiF'^°'A \dvdv,da 
\v - v^p+'^b{cose)9\ (i^("'') II (Wi-iF^"'"'^ II (WiF^°'^y \dvdv,da 

=1, 
Now it's sufficient to estimate the integral /. By using the Cauchy-Schwarz inequality we have 

ISA III \v - v,\-'+^b{cose)e\ (^F^"'^^ \\(Wi-iF^''"^^fdvdv,da^ 

\v - v^p+^b{cose)e\ (f'-°''A II (WiF'^°'A' I'^dvdv.da 

Since < s < 1/2, we get 

(4.7) |/i| < [[ \v- i;*r+i| (f("')) I I (m/,_iF("")) fdvdv,, 
so if 7 + 1 > 0, we have 

(4.8) |/i| < |lM/,+iF("')|Ui < |ll^,+,F("")||i. < ||l^,F("')|U.||W^/^^""^lli=, 
for Z > 4 > 5/2 + 7 by using the embedding 

And if 7 + 1 < 0, applying Lemma [?7^ with 7 + 1 > —3/2 gives 

(4.9) |/i| < [[ \v- «,r+i| (f^"'A II (m/,_iF("")) l^dvdv, 

JJ\v-v,\>l \ /* \ / 

Jj\v-v,\<l V /* V / 



<||F("')|Ui||M/,_iF(°")||i. + \\F^^'^U2\\Wi.,F^^"'>\\ 



L2 



(||i^("')|Ui + ||F("')|U.)||l^,i^(«')|| 



2 
L2 



<||VFzi^("')|U2||M/,F("")|| 



2 

L2j 



for / > 3/2. 

Thus we obtain the estimate 



(4.10) \h\<\\WiF^'''^\\L4WiF^''"^\\l,. 
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Concerning with I2, we use the regular change of variables v t-^ v' ~ ""t"* + ''" 2* " ^"-"^ fixed a and u* 



whose Jacobian satisfies: 



dv' 



dv 



cos2(6'/2) 



and get 



l2< I I I \v~v.r+'b{cose)9^——-\{F^"'^)J\{WiF^''^)fdvdv.da 

,xE3xS2 COS^(6'/2)' 



< 



Following a similar argument as above, we get, if 7 + f < 0, 



(4.11) 



\I2\<\\WiF'-"'^\\l2\\WiF 



(a)||2 



L2i 



and if 7 + 1 > 0, by setting r/ = f + 7 e [0, f ), we have 



(4.12) 



I/2I < |lM/^+iF("')|Ui||W-,+i+^FM|li. < \\W^+,f('^'^\\l4Wi+,F 



(")||2 



L2. 



Since the Holder inequality yields 



\\W,Gh. < !|G||il"||M/iG|| 



L2 



for T] G [0, 1], we get 
(4.13) 



|/2|<|iW^,+iF("')|U. 



|^^^M||2a-,)||^^^^^(o)||2, 



< 



iM/,F("') IU2 1! W^,F(") f^i^-") ||Tyz+iF(") llf,. 



Therefore, wc have if 7 + 1 > 0, 
(4.14) / < \\WiF^"'^\\l4WiF^""^U2\\WiF^''^\\%-''^\\Wi+iF^''^\\1,, 



and if 7 + 1 < 0, 



(4.15) 



/ < \\WiF'^''">h2\\WiF'^''"'>\\L2\\WiF^"^\\ 



L2. 



Noticing that (|4.15p is a special case of (|4.14p with 77 = 0, by setting 77+ = max{r], 0} and /3 = 1 — ?/+, we 
get for 7 < 0: 



(4.16) 



I < ||M/;F("')|U.||TyzF("")|U.||TyzFM||^,||M/,+iF(")||(^\-''). 



Finally, then, we have for 7 G (—5/2, 0), 
(4.17) |^g'""^(t)| < |/+| + |/-| < 2|/| < \\W,f('^'^\\l2\\W,F^"'''>\\l2\\WiF^"'>\\UWi+iF^'''>\\^^'^\ 

where /3 = 1 - ?/+ = -7 . i^g[_i_o) + ljfz{-5/2-i)- 
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We remark here the above inequahties hold for appropriate large / > 4. 

Step II: The estimate for ^21" V-)- 
Thanks to the Taylor expansion 

Jo 

with T G [0, 1] and Vr = vl + t(u* — v'^). Since |Vt,/i| < 1, we have 

(4.18) *g'""^ (t) < /// \v - V, p+i&(cos 0)e\ (^("')) ' 1 1 (WiF^""^y 1 1 (vK^f (")) |dz;du,da 

|v - w, p+^6(cos 0)d\ (f^°''A 1 1 (WiF^""A 1 1 ('w^,F("' y |dwdw,dcr 

\v - v,p+i6(cos6')6l| (i^("')) II (WiF'^°'"A \^dvdv^da^ 

\v - v,p+^b{cose)0\ (f''°''A II (WiF^'^A' \^dvdv,da^ 



< 



.-■'xR^xS^ 



3xR3xS2 



R3xR3xS2 



'xR3xS2 



=111 X II2 



Noticing that s G (0, 1/2), we arrive at 



(4.19) 



JJR3xR3 ^ /* \ / 



(4.20) I//2I < 



3xR3xS2 



\v — v^p~^ b{cos 



'{0/2) 



\{F'~°'"^)MWiF''°''^)? dvdv^da 



< 



\v - v,\-'+^{F^°''^)J\{WiF^°''>)\dvdv, 



Arguing as before, we have, 
(4.21) |//i| < ||W^/F("')|U.||W^zi^("")||f,||W^z+ii^("")||^i^-^\ 



(4.22) 



I//2I < ||l^,F("')|U.||l^,F(")||f,||M/,+ii^(")f/^«, 



for ^ = 1 - 77+ = -7 • Ijel-i.o) + Ue{-b/2~i)- 
Thus we get for 7 < 0, 

(4.23) \^iy''''\t)\<\\WiF(^'^\\LA\WiF("''XA\WiF^"^^^^^^ 



Now we can get the estimate of ^2 '" for soft potential, 



(4.24) ^/("''""'(f) <|<;'""^i)l + l<2^""^i)l 
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<\\WiF('''^\\l4WiF^""^\l4WiF^^^\\U\Wi+iF<^''^\%~^^ 
+ \\WiF^"'^h4WiF^"''^\\l,\\WiF'^''^\\l4Wi+,F^''''^\\^l-^^\\^^^ 

where /3 = -7 • lje[-i.o) + Ue{-5/2-i) e (0, 1]. 

We mention again the above inequahties hold for appropriate large I > A. 
Then, we obtain 

^2|a||^("',-")(^)| 



(4.25) 



{{a-r)\y 

X ll/(OIU-KiJ+l,p,Q,r-- 



^.3. The coercivity and commutator estimate 
Considering the estimate on ^-^ '" , we write firstly that 

*1°'"^ = (QifiF,WiF'-''^),WiF^"A + (WiQifiF,F<-"^) ~ Q{fiF,WiF^''^),WiF<-"- 



In order to estimate the "coercivity term" ^]^ '"' for soft potential (7 < 0), using Lemma [5TT] with g = /.jF, 
/ = WiF^"\ we have 

(4.26) ¥^f+co\\Wi+,/2F^"^\\l.<{\\fiW\,+2\F\\L^ + yW\,+2\Fh^^ 

where cq is a constant depending only on the bounds of j|/||/^i, ||/||LiogL- 

Due to the definition of the smooth Maxwellian decay solution (Def. II. 2p , we have 

(4.27) \\^lW^^+2\F\\L^ < C\\WiF\\l2 = C\\f\\s-^t.Lp^o,r < c, 

(4.28) \\^lW^^+2\F\\L2 < C\\WiF\\l2 = CWfWs-^t.Lp^o.r < c, 

(4.29) \\tiW\^\F\\Li < C\\WiF\\l2 = C\\f\\s^^t,Lp^o,r < C, 

(4.30) \\iiW\^\F\\L2 < C\\WiF\\l2 = C\\f\\s-^t,i,p^o.r < C. 

Then we arrive at 

(4.31) ^("f^+collW.+./^Ft")!!!,. <C||W^,+,/2F(")lli.+Cl|W^,+^/2^(")lll,.. 
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Thanks to the following interpolation inequality, for < p < s and any e > 0, 

\\f\\H^<\\f\\t.\\ft^'^''<s\\f\\H^+e-^^\\fU., 
then choosing e = co/(2C), we have for 7 < 0, 

(4.32) ^^^f + |||W^,^^/,f W||2^. < C||M^,+,/2F(")||i. < CWWiF^'^^Wl.. 

To bound the "conuirutator term" '^ \ ^ in the ease of soft potential, we need the following proposition 
(see Proposition 2.8 in U): 

Proposition 4.1. Let < s < 1, 7 > max{-3, -2s - 3/2}. For any I G R, 

(4.33) \{WiQ{f,g)-Q{f,Wig),h)\<\\fh. bIL (..^,+.,+ Ml^, 

where we define p"*" = 77iax{p, 0}. 

Using the above proposition with / = fiF, g ~ F'-"\ h = WiF^'^\ and taking e small enough such that 
(2s — 1 + e)+ = in view of s G (0, 1/2), then we have 

(4.34) \¥°f\ < ||MW^,+3/2+.F|U.||W,F(")||i. < ||WzF(")||i.. 
Together with ((432)) and (|434)) we obtain 

(4.35) *("'") + |l|w^,_^^/,F(")||l,. < |jW^,F(")||i.. 
Thus we get for 7 < 0, 



p2\a\ 



M/^")(i) 



f4 36) I co P'^-Wi^./.Fi'^^Wh ^cilf(-)lP 

(4.36) {(a-r)!}2- +2 {(a - r)!}^- < ^11/ WIU-Kt,;,P,a,.- 

4.4- Upper bound for collision operator 

In order to estimate ^J^",^'" , we need the following upper bound estimate for collision operator (see Propo- 
sition 2.9 in [1]): 

Proposition 4.2. Let < s < 1 and 7 > max{— 3, — 2s — 3/2}. Then we have, for any p <E M. and 

m e [s — 1 , s] , 

I {Q{L9),h) I < (ll/Li + ll/IU.) l!5ll^™..(=+™,<2,-i+.,+,l|/i||ff-™. 

Using the above proposition with / = /iF*^" \ 9 = F^" \ h = W2iF''-°'\ p = Z — 7 — 2s, m = s, and 
noticing 7 + 2s < 7 + 1 , we obtain 

V i_^_2s + {7 + 2s)+ / 
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Since 2s < 1 and 



then we have 



<\\WiF^"'^\\l4WiF^""^\\h2.\\Wi+i+^F^''^\\l2, 



dAWifi-^f^'^"^) = a„(M/,M"')/^""' + Wifi-^f''"+'\ 



Further, by setting 77 = 1 + 7 and /3 = I — 77+ G (0, 1] as before, we have 
So we obtain 



(4.38) 



* 



{a.\a") 



<\\WiF^"'^h4WiF^"'>\\UWi+iF^"'''>\\L4Wi+iF^'^M\^^~^^ 
+ ||M^,i^("')|U.|!M^,F(""+i)|U.||M/,+iF(")|U2 

Then we have the estimate for ^>i' '" ' (t) with a' ^ as fohows: 



(4.39) 



and 



(4.40) 



*£■""' (0 



<c 



{{a' -r)iy{ia" -r)iy 






n2|a| 



^[i'""\t) 



<c 



{{a' - r)\y {{a" + 1 - ry.y 



{(a-r)!}2'' - {{a~r)iy 

^ II /(i)ll<5-Kt,i. p,Q',r II /(i) II <5-Kt,i,p,Q" + l,r II /(Oil (S-KtJ+l.p.a.r- 

Now we have completed the estimates for ^]^ '" (Oi ^1 '" (Oi ^^^ ^2 '" (0- 

.^.5. Completion of the proof of the main lemm,a 

First of aU, we refer to Lemma 3.2 of [TB] (see also, Proposition 3.1 of |10j): 

Proposition 4.3. If ly > 1 and 2 < r G N then there exists a constant B > depending only on n and r 
such that for any a G Z" 



(4.41) 

and 

(4.42) 



^ a! {{a'~ry.r{{a"-ry.r ^^^ 



a.—a.'-}-a" 



/!a"! {(a-r)!}"- 



V- «! {{a' + 2-ryr{{a"~ryr{{a + 2-ryr . ^ a „, 



v'U"! 



a— a'+a" 



{(Q,_r)!}2^ 
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Furthermore, if v > 1 and r > 1 + iy/{iy — 1) then there exists a constant B' > depending only on n, v and 
r such that for any 7^ a G Z" 

^ ' ^ a'\a"\ {(a-r)\Y ~ ' 

Now we resume the proof of the main lemma (Lemma 12. ip . Firstly we consider the integral including the 
term K.{t) on the right-hand side of (|4.3p . we get from (|4.25p that 



(4.44) 



{(a-r)!p- 



dT 



>-^ a\ {(a'-r)!}''{(a"-r)!}'' /"* « 

a! {(a'-r)!}'^{(a"-r)!}'^ /"* 



+ ^Z^ Q,/JQ,//| ifa — r)!!'^ / ''■' ^^^ll''~''*''''''"'''"l''^^^^ll'5-K*.^P."".''l'-^'''''''ll'5-KtJ,p,a,r 



At 



'0 

ft 



■e / \\I{T-)\\l-^,t.i+i.n.a,rdr 







<Cb/ \\f{T)\U.^u,,,^,A\f{r)h-.t^,p,c.''Af{r)\\t.t,L^^^^^^ 
Jo 

+ CB f\\f{T)\\s-^tj,p,c.'Afir)\\L^t,i,p,c.''Jfir)\\t^^^^^^^^ 
Jo 

^/Ci(i)+/C2(t). 

In order to handle with the term /Ci(i), we use the Holder inequality to get 
(4.45) JC,{t) < Cb[1-J^ ll./(r)|I^/_i,,,,„,Jl/(r)|I^/_i,,^^„„,J|/(r)||L«*.,P,c...dr 

|2 r 

\S-Kt,l+l,p.a,r^ 

Noticing that 3r < |a| = |a'| + |a"| < TV and letting 

A = Ar{f)= sup max ||/(i)||5_Kt,i,p,/3,r, 

te[o,T] l^l<3'- 

we will consider a different estimate on the factor 

■^ = \\j\''')\\5-Kt,l,p,a',r\\-'^'''^^^S-Kt,Lp,a'',r\\jy''')\\s-Kt,l,p,a,ry 

with respect to |a'| and \a"\ while taking supremum on |a|: 

• If |a'|, |a"| < 3r, we have sup S < A^Z/^H/H^ (r); 

3r<|Q|<Ar 

• If |a'| < 3r, \a"\ > 3r, we have sup S < A2//^1|/1|;^;+^^/^(t); 

3r<|Q|<JV ' 
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■ If \a'\ > 3r, \a"\ < 3r, we have sup S < ^2//3||/||2(i+«/'9(^) 

3r<|a|<JV ' ' ' 

• If \a'\, \a"\ > 3r, we have sup E < WfW^^^tN^^ir). 

3r<\a\<N ' ' ' 

From above we obtain 



onn ™P / \\fi^)\\s-Kt.l+l,p,a.r 

ZUU 3,.<|q,|<7v Jo 



dr. 



(4.46) /Ci(i) < C„ y^ {\\f\\l,rM^) + ll/ll£+^^/"(r)) dr + 2^ 
As for the term IC2 (i) , the Holder inequahty yields that 

(4.47) ]C,{t) < Cb[c,J {\\f{r)\\tit,i,p,a'jm\\h.t,Lp.c.'',r + WmWLntj.p.c^r) dr 

+ £ / (ll/(T)llL,.t,;+l,p,a",r+ \\f{T)fs~nt,l+l,p,c,r) dr^ 

The same arguments give 

(4.48) /C2(i) < a r (||/|lL,..^(r) + ||/||£+^^/^(r)) dr + -^ sup f ||/(r)||L.u+i.p,a..rf^- 



200 3r<|Q|<Ar Jo 



Thus together with (|4.46p and (|4.48p we have 



(4.49) 



■dr < C« 



I/IIL,.,^(^) + ll/llSn^'^'^M) dr + -l^ sup 
^ .f, / iUU 3,,<|Q|<Ar Jo 



||/(r)||^_^t_;+i_p^„_^dr. 



/o {(a-r)!}2- 

Secondly we consider the integral including the term J{t) on the right-hand side of (|4.3p . we get from 
(|i:^ and (|On)) that 



(4.50) 



* „2 



P^I"IJ(r) 



-dr 



< 



{{a-r)\Y- 



E 



*K'""^(t) 



— a'!a"! {(a-r)!}^'' 



dr 



E 



y! P 



,2|a| 



^ 



1,2 



(r) 



— a'\a"\ {(a-r)!}2'^ 



(1-/9) 



dT 



<CB ||/(r)||._.M.P,a',.||/(r)||^,,,;,,,„.J|/(r)||,^«,.,+i,p,„.,,||/(r)||y_,^;,+i.^.„^,dr 
Jo 

+ CB' / ||/(T)||5_Kt.i^p_a'^r||/(T)||5-Kt.i,p,a" + l,r||/(T)||5-Kt,i+l.p.Q,rdT. 

Jo 
Proceeding exactly as treating IC{t), wc can get 



(4.51) 



{(«-0!F 



-dr < a r (||/||U^(r) + ||/||5'+^^/^(r)) dr + -^ sup /* ||/( 



3r<|Q|<7V JO 



I 6 — KT,l-]-l.p.a,r 



dr. 



Observing that (|4.36p implies 



(4.52) 



P 



,2|a| 



*(°'"V) 



dT + -^ 



CO /•*p'l"l||W^/+7/2A^-V(")fff= 



{(a-r)!}2- 2 ^ {(a-r)!^'^ 



dr<C/ ||/(r)||f.^.,,^dr. 
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Inserting (j4.49p . (|4.5ip and (j4.52p into (j4.3p . wc finally obtain the Gronwall type inequality: 



(4.53) \\f{mi-.t,L,..c„r+^j^ " {(;i,),J2. ^ ^^ + ^^X l!/WII^-«.,Z+l.p,«,.dr 

<ll/(0)|||,,p,„,. + C. f (||/||?,,,,,^(r) + ||/||^^;:^^/^(r)) dr+^ sup f ||/(r)||L,,,+i,,.„,,dr, 

which leads to the desired estimate (|2.4p including the extra second term of the left-hand side. 

This completes the proof of Lemma 12.11 D 

5 The spatially inhomogeneous case 

This section is devoted to proving Theorems 11.61 and 11.71 the inhomogeneous version of Theorems 11.31 and 
11.51 respectively. In contrast with the situation encountered before, here, the proof requires to consider the 
space variables x additionally. 

Note that the same way as wc did in Section 4 of [T^ enables us to get Theorem 1 1.71 thus we only need 
to prove Theorem ll.61 It can be proved exactly in the same scheme as that of [16], except for the Gronwall 
type inequality with a different exponent (2 + /3)//3 instead of (1 + /3)//3 used in (TB]. We give the outline as 
below. 

We first introduce the definitions: 

,.,, 11,1, , pl"l+l/^l||(.)'e^<")^ag/|U.(,3),;(^3) 

^^■^) \UUi,P,r,<.,p- {{a-r)\Y^{{P-T)\Y- 

and 

(5.2) ||/|kp,r,Af = sup \\f\\5~Kt,Lp,r,a',l}'- 

3r<\a'\<N 

3r<\l3'\<N 

Remark that A^ is a fixed large integer satisfying 3r<|Q;|, \f3\ < N — 2 . 
In order to prove Theorem ll.61 the key is to state that, 



(5-3) sup \\f\\l,p,r,N[t) < OO, 

te(o,T] 

provided that ||/||;,p.r,Ar(0) is sufficiently small. Above, p ~ p'{l + h)^'^^^'^'^ . 

To achieve that, we begin by rewriting the spatially inhomogeneous equation. 

5.1. Rewrite the equation 

Applying 9? to Eq. (|l.ip . analogous to Subsection 3.1 of [11], we can obtain the following result, 

(5.4) dtF^°'''^'^ + V ■ V^F("''') + k(i;)2f("''') 

25 



T.-F. Zhang and Z. Yin 



a\ p\ 



= -/3.F(-^^^-)+Q(M^,^(-«)+ E X^„ ",„, Q(M^^"'^'\^^"''^"^) 



a'!a"! P'\p" 



|a'| + |/3'|>l 



+ E;;^«^//^(/^-^'J(^^"'-^'')'*(^'"''^''')''^- 



a,^ 



a'\a" 



Above, i^ = M^V and F^"'^) = i-r^dfj = fi-^d^d^f for a,/3 e Z^.. Note that we only consider \l3\ > 1 
here, because the estimates for |/3| = are similar and easier. 

Set Wi = {vY- Taking the L'l ^ inner product with W^F^°'''^\ wc get 



(5.5) 
2Jt 



—wwiF^'^-f'^r 



K\\Wi+iF'-''-^^\^ + II wV,F("'^) W^F^'^-^Uxdv 



-P ■ f("+1''5-i) M^2^("''3)da;dw + ('g(^F,F("''^)), M^fi^t"''') 



E 



a! ^! 
a'\a"\ /3'!;9"! 



(Q(/iF("'''''),F(""'^")),M^2j^("'« 



|a'| + |/3'|>l 

a! /?! 






a,/3 



a'\a"\ P'\fi"\ 



^7^(t)+ /*J°'°^(i,x)dx+ ^ 

=Tl{t)+-^{t) + J{t)+lC{t). 



Bin, - ^'^){F<-'''-^'^y^{F<-''"-^"^yW^F^"-^^Uxdvdiuda 



|a'| + |'^'|>l 



a'la"\ P'\P"\ 






Note that we have used the same notations for J'{t) and JC{t) as that in spatially homogeneous case, as 
no confusion is possible. 
Noticing the fact 



(5.6) 



T? xl 



V ■ V^F^"-'^) W'^F'^^'f^Uxdv 



Ti 



V:,[{WiF'^°''^^y]dx] dv^O, 



then multiplying by na^rV.y^"i f ( 8-r)\\'^'^2 both sides, and performing a time integration, we get 



(5.7) 



ll/(^)ll(5-Kt,;.p.r,Q.^ + 2'« / \\f{T)\\s^KT.l+l,p,r.a,l3'^''' 

Jo 

o2(|a| + |/J|) 



<ll/(0) Ili,p..,„,, + 2 J^ |(,,,)!|2..|(^_,),|2.. [^i-) + * (-) + ^W + ^W 



dr. 



5.^. Proof of the Gevrey smoothing effect 

Analogous to that of subsection 3.2 of [16], we can deduce the estimate for TZ{t): 



(5.8) 



\nt)\ 



_P . p(a + l.,li-l)y^2p{a,p)^^^^ 



<||M^,J.(«+1,^-1)|| ||M^,J.K«|| 
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which yields 



(5.9) 



n2(l"l + l/3|) 



'o {(a-r)!}2''i{(/3-r)!}2''2 



\n{r)\dT 



\\Ll 






<a 



S-Kt,Lp,r,a+l.l3-l\\.f\\s-Kt,l,p,r,a,l3dT 



< I \\f\\lp.r,NdT. 

Jo 
On the other hand, we can derive results corresponding to (j4.49p . (|4.5ip and (j4.52p in spatially inhomo- 

gcneous case, as follows. 

First, considering the space variables x as parameters and the case |ai| < 

N), we can infer, from (|4.24p and the Holder inequality, that 



(which implies jai | + 2 < 



(5.10) 



Ti 



'^'''^^'^\L^iLl)\\Wi 


F( 


'-"^'"'WlUld 


\\WiF^"-'^Yli 


Ll 


/zF("''^')|U=o(i.) 


||M^,i^(""^/5")||^, 


2 


WWiF^-'^^Wl,^ 


iiw^,+ii^("'«ii^'r 


P) 


Lr^ 









||W^,H.lf(-«||i\-« 



rTTT^ 



||M^,+iF("".'^")||i\-^) 



rT^ 



<\\WiF 



,(«'+2,/3')| 



|T^zF(""''^")|U2 \\WiF^" 



||^.JjM/,+rF(-«||i^rf 



\\WiF^'''+''^'^\LiJ\WiF<'"'''^''^\\l,J\WiF^"'^^f^,J\Wi+iF^ 



(a.,3)||(l-/ 



Above, the last inequality follows from the Sobolev embedding |j/i||if2 



< \\h\ 



Whereas, in the case of |q;i| > ^ + 1, we immediately have |q;2| + 2 < iV, then 



(5.11) 



Ti 



^i'''-^'\t,x)dx 



X"'./3') 



?{o'",fl")\ 



+ \\WiF^'^''^'^\\mL'n \\WiF<^''"'^"'>\\l 



|l^;^ii?(«-^)||(ir^) 



Hi?, 






|W^,+iF("^«||i\-« 



Li- 



\\W,+,F^'^"'^"^tl-^^ 



L? 



+ \\WiF^^'-P'^UiJWiF^^''+^-^''Y^.J\WiF^^^^ 
Therefore, we obtain, if |ai| < 



(5.12) 



n2(l"l + l/3| 



j^['''^^'\t,x)dx 
{(a-r)!}2'^i{(/3-r)!}2'^2 
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<c 



{{a' + 2 - r)\y^{{a" - r)!}"^ {{a + 2 - r)!}^i {(/3' - r)\y^{{(3" - r)!}^ 



C 



{(a-r)!}2''i {(/3-r)!}'^2 

{{a' + 2 - r)!}^i {(a" - r)\y' {{a + 2 - r)!}'^i {(/3' - r)!}'^^ {(/3" - r)!}''^ 



and if \ai\ > 
(5.13) 

„2(|a| + |/3|) 



X ||/||<5-Kt,i,p,r,Q'+2,^' ll/IU_Kt,i,p,r,a",;3" II / ll(5-Ki,; + l,p,r,Q+2,;3 II ^ ll(5-Kt,; + l,p,r,Q",^" II •/ II 5-Kt,i+l,p,r,a+2,^' 



1. then we have 



J^i"''^'\t,x)dx 



<C 



{(a' - r)\y'{{a" + 2 - r)!}'^i{(a + 2 - ry.^' {(/3' - r)!}''4(/3" - r)!}''^ 
{(a-r)!}2''i {(/3-r)!}''2 

X ||/||(5-Kt,i,p,r,a',/?' \\j\\5~K.t,Lp,7;a"+2,l3" 11/ ll5-Kt,i,p,r,a+2,^ II / II (5-Kt J+l,p, 

{(a' - r)\Y'{{a" + 2- r)\Y' {{a + 2 - r)!}''i {(/3' - r)!}''2{(/3" - r)!} 



C 



{(a-r)!}2''i 



{(/3-r)!}-^ 



>< ll/l|(5-Kt,i,p,r,a',/J' \\j\\s-K.t,l,p,r,a"+2,P" II / ll(5-Ki,; + l,p,r,Q+2,,g 11/ lU'-Ki,; + l,p,r,Q"+2,^" I 

We introduce the fohowing notations: 



|(l-/3) 
\5-Kt,l+l,p,r,a+2,p- 



a' =a' + 2, 



(5.14) 



if la' I < 



or 



a = a , 
5" = a' 



" --" ' 2, if |ai|> 



1, 



a = a + 2, 
then Proposition 14. 31 yields that, 

p2(l"l + l^l)/C(7 



a = a + 2, 



(5.15) 



{(a-r)!}2''i{(/3-r)!}2''2 



dT 



^ ^ a! /3! {(5' - r)!}''i{(5" - r)!}"^i{(5 - ry.Y^ {(^' - r)!}''^{(/3" - r)!}" 



a'!a"! /3'!/3"! 



{(a-r)!}2''i 



{(/3-r)!}-^ 



X / ||/|U-KT,;,p,r%Q',;3' ||/||5-Kr,/,p,r,5",,3" 



1/3 



1(1-/3) 



I S—KT.l,p,r.a,p II "^ 11(5— /^rJ+l,p,^,ct,/3 



dr 






a! /3! {(5' -r)!}''i{(5"-r)!}''i{(5-r)!}''i {(/?'- r)!}''2{(/3"-r)!}'^2 



a'!a"! /3'!/3"! 



{(a-r)!}2''i 



{(/3-r)!}-^ 



X / ll/ll<5-KrJ,p,r,Q',,3' II / IU-KT,;,p,r,5",,3" II / II (5-Kr,;+l,p,r,5,^ II / II (5-Kr,;+l,p,r,5",/3" 



X 11/11 



'■'-^'^ -. dT 

6~K,T,l-\'l.p.r,a,l3 



(1-/3) 



:.« dT 



SL' ^ ||/||(5-KT,i,p,r,Q',^' ||/||(S-Kr,i,p,r,a",,3" II / IU-Kr,;,p,r,S,/3 II / II 5-KT,; + l,p,r,5,^ 

+ ^ /^ ||/||(5-Kr,i,p,r,5',/J' 11 / lla-Kr,i,p,r,5",/3" 11/ ll<5-KTj+l,p,r,3,;3 II / II 5-Kr,i + l,p,r,5",,3" 
^ ll/ll5-Kr,i+l,p,r,5,^ '^''' 
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^/C3(t)+/C4(t). 

We take the term lCz{t) for example of the following techniques. By the Holder inequality, we get, 

(5.16) K,{t) < Ci?(l £ ll/ll^^t,,p,.,S'.^' \\f\\tir,l,p,r,S",," \\m-.r,l,p,r,S.,fi dr 



+ £ / ll/MllL«t,i+i.p,r,5,;3 drj. 



10 

We then introduce the definitions: 

(5.17) Ai ^ sup sup \\f{t)\\s^Kt.l.p.r,a,l3, 

te[0,T] |c,|<3r 

|,3|<3r 

(5.18) [f]l.p,r,N{t,aQ) = sup \\f{t)\\s-Kt,Lp,r,a',l3', 

|Q'|<3r 

3r<|^'|<Af 

where N takes the same value as above. In addition, ao only denotes some multi-index satisfying |q;o| < 3r, 
and its exact value is not so important. Likewise, we can also define [/]i,p,r.iv(i,/?o)- 
In what follows, by setting No ~ 3r + 2, we shall give a different bound on the factor 

p A II f||2//3 II f ||2/)9 II rii2 

^ — \\J \\S-KTj,p.r,a',P' »■! »S-KTd,p,r,a'\p" HJ \\S~KTd,p,r,a,P^ 

with respect to the values of components |a'|, \a"\ and |/3'|, |/3"| while taking supremum on |a| and \/3\: 
* If I a' I, |a"| < A^o and moreover, 

• if l/3'l, |/3"| < 3r, we have sup 6 < A^/0\\f\\l^^^y, 

NQ<\a\<N 

3r<\i3\<N 



if l/3'l > 3r, |/3"| < 3r, we have sup 6 < Ay^[f]^/f^^,,{ao)\\f\\lp^,^^ 



■,7V' 

«0<|5|<N 

3r<\p\<N 



• if l/3'l < 3r, |/3"| > 3r, we have sup 6 < A'/^[f]^/f^^,,{ao)\\f\\lp,,y, 

«0<|S|<« 

3r<\p\<N 

• if l/3'l, |/3"| > 3r, we have sup 6 < [/]'/^.^(ao)||/||?.p.,,^; 

N(,<|5|<JV 

3r<\P\<N 

* ii \c('\ > No, |5"| < A^o and moreover, 

• if l/3'l, \n < 3r, we have sup 6 < AV^[/]f/^_^(/3o)l|/l|2^_^_^; 

N0<|3|<JV 

3r<\P\<N 

■ if l/3'l > 3r, |/3"| < 3r, we have sup 8 < A^/P\\f\\f^^+'^J/^; 

JVo<|5|<N 

3r<|,g|<Af 

• if |/?'| < 3r, |/3"| > 3r, we have sup 9 < [/]?/p^,^(ao)[/]?/fl,^(/3o)||/||?,,,,.^; 

No<|5|<JV 

3r<\p\<N 

• if l/3'l, \n > 3r, we have sup 6 < [f]Zi,NM\\f\tp\t.N^^-^ 

N0<|5|<iV 

3r<|;3|<Ar 
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* If \a'\ < TVo, \a"\ > Nq, we have 



• if \n \/3"\ < 3r, we have sup 9 < A^/('[f]^/f,.,,{l3o)\\f\\lp^,,j,; 

JVo<|5|<JV 

3r<|^j<Ar 

• if l/3'l > 3r, |/3"| < 3r, we have sup 6 < [/]?/pljv(«o)[/]'/,ljv(/3o)ll/llL.r,Ar; 

«0<|3|<« 

3r<|;8|<W 

• if l/3'l < 3r, 1/3"| > 3r, wc have sup 6 < ^2/''||/|l5';^^^^^ 

No<|S|<N 

3r<\fi\<N 

■ if l/3'l, |/3"| > 3r, we have sup 9 < [/]f/^,^(«o)||/|lS+^^/''; 

No<|5|<JV 

3r<|;3|<Ar 



* If I a' I, |a"| > 3r, we have 



l4//3 



if l/3'l, |/3"| < 3r, we have sup 9 < [/]rp:;,^(/3o)||/||?,p,.,^; 

No<|5|<JV 

3r<\l3\<N 

if l/3'l > 3r, |/3"| < 3r, we have sup 9 < [/l'^/, ^(/So^" fll'(i+^'/^- 



/,p,r,ArV^U;i|J 11/, p,r,7V ' 

No<|S|<N 

3r<|^l<Af 



• if \(3'\ < 3r, |/3"| > 3r, we have sup 9 < [/]?/p^,^(/3o)||/|lS+^^/''; 



No<|3|<N 

3r<|^i<Ar 



2(2+^)7/3 



• if l/3'l, |/3"| > 3r, we have sup 9 < ||/|i;;;,;^^' 

«0<|5|<JV 

3r<|/3|<Af 

Therefore, combiniug the above inequahties, and setting 

(5.19) [Gd'/'^(0=[/]K^,^(t,«o) + [/]?/l^(t,/3o) + ^'/^ 

(5.20) m'^^it) ^[/]f/^,^(t,«o) + [/]'/pl^(t,/3o) + [/]'/p^,^(tao) • [/]?/l^(t,/3o) 

we obtain, 

(5.21) IC,{t) < C. f{\\f\ff^XTir) + \\ffi^^XTir)[Gi]y^{T) + ||/|lU^(r)[i/z]4/^(r)} dr 



— sup / \\f{T)\\j_^u+l,p,r,a,i:idT. 

UU 3r<|Q|<jv Jn 



ZUU 3r<|Q|<JV Jo 

3r<|^|<Af 

Following along the lines of the subsection 3.3 in [16], we claim that [G;]^'^ and [Hi]'^'^ have a uniform 
bound, more precisely, 

(5.22) sup [Gi]^^^{t) < C, 

tG(0,T] 

and 

(5.23) sup [Hi]*/^{t) < C, 

te(o,r] 



30 



Gevrey regularity of the BE with soft potential 



because we can prove the following two results: 

(5.24) sup [/]i,p,,,w(i,ao)<C, 

te(o,T] 

(5.25) sup [f]l,p,r.N{t,Pn)<C. 

t6(o,r] 
Thus, we finally get 

(5.26) K,{t) < C. f {wn'^'^N^'ir) + ||/||U^.(r)} dr 




K 

2{JV 3r-<la\<N JQ 

3r<\i3\<N 



sup / \\f{T)fs-^t,l+l,p,r„a,f3dT. 



A similar process enables us to get the same bound for /C4, then we can obtain 



(5-27) I {(^_%}2..|(^i,),}2.. ^^ < C^l (||/IIL..,A^(-) + ll/llS:^'^'(-)) dr 

K /■* 

— - sup / \\f{T)\\^S-nt,l + l.p,r,a,i:!dT. 

iUU 3r<\a\<N JQ 



lUU 3r<|a|<N Jg 

3r<|;3|<JV 



Second, by mimicking this scheme we can bound J^(t) in spatially inhomogeneous case: 
(5-28) / {(a4!}^-r{'(7i"!),}2.. ^- < C^ / (Il/IIL.,^(-) + II/I|£:'a.^''(-)) dr 



K 

~ \S-KT.l+l,p,r,a,l3'' 
_ _ '0 

3r< /3|<JV 



inn ^"P / \\f('^)\\^s-KT.i+i.p.r.a.0dr. 

iUU 3r<|a|<JV Jo 



Likewise, for ^(i), we have 
^^ ^ 7o {(«-0!}'''4(/3-0!}'''^ 2 7o {(a-r)!}2-i{(/3-r)!}2-2 «^ 

<C^ / ll/ll'p,.,Ar(T)dT. 

Jo 
Inserting the above three inequalities (15. 27^ . (|5.28p and (|5.29p into (|5.7p . we can obtain the Gronwall type 

inequality: 



*p2(|a| + l/3|)||W/,+^/2^-l/(«. 



/3)MI|2. 



+ 2k / ||/(T)||5_^^.,+i.p.^^„.^ dr 
Jo 

<ll/(0)|lLp,.,„,^ + C«^*{|I/|lf^,.,,^(r) + ||/||5^+«/'^(r)}^ 
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sup / ||/(T-)||5-«:r,/+l,p,r,a,/3 ^^T. 



3r<\a\<N JQ 

3r<\l3\<N 



The left proof is very close to the process of [TB] and is thus omitted. So we can conclude Theorem 11.61 
and thus Theorem 1 1 . 71 describes the Gevrey smoothing effect in spatially inhomogeneous. D 
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